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ABSTRACT 


The purpose of this work is to analyze and evaluate the 
effect of jamming waveforms on both coherent and noncoherent 
digital communications receivers. Specifically, random processes 
are utilized as jamming models in which it is assumed that the 
jamming waveforms have been produced by a shaping filter driven 
by white Gaussian noise. Such jamming waveforms are then 
assumed to be present at chen e mo mr ar. 
structures (in addition to. the signals and channel noise 
normally present), and optimum jamming waveform spectra are 
determined for different receiver schemes and modulation 
techniques. 

Graphical results based on numerical analyses are presented 
in order to en the effect of different jamming 
strategies on receiver performance. In order to quantify 
receiver performance, bit error probabilities are determined for 
binary modulation systems and symbol error probabilities are 
determined for M-ary modulation systems. In each case, the 
error probabilities are functions of signal-to-noise ratio 
(SNR) and jammer-to-signal ratio (JSR). Results show that 
it is generally possible to significantly degrade the 
performance of binary as well as M-ary modulation communica- 


tion receivers by introducing suitably chosen jamming waveforms. 
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I. INTRODUCTION 


The theory of statistical signal detection and estimation 
in the presence of additive white Gaussian noise is widely 
described in many textbooks [Refs. 1,2,3]. Signal detectors 
are typically designed and built to either optimize the 
receiver output signal to noise ratio, or as is the case with 
digital communications receivers, to minimize the error 
Probability: 

While it has been demonstrated that receivers designed 
under a white noise interference assumption tend to perform 
reasonably well even when the interference is not white 
[Ref. 4], the en of white noise interference is often 
invalid, especially when the receiver must operate in a jamming 
environment. 

The goal of this thesis is to analyze the vulnerability of 
certain digital communications receivers designed to operate 
in a white noise interference environment, that must operate 
in the presence of Jamming also. The mathematical model of 
the jamming utilized is a colored Gaussian noise process 
whose power spectral density is to be shaped in such a manner 
so as to cause a large increase in the receiver probability 
of error. While it is not always possible to solve certain 
Spectral shaping optimization problems, it is possible to 
postulate techniques that intuitively achieve efficient 


utilization of the available jammer power. 
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This thesis is divided up as follows. In Chapter II, we 
present results on colored noise interference effects in 
coherent M-ary Phase Shift Keyed (MPSK) receivers, and receiver 
symbol error probability in the presence of noise and jamming 
is derived. In Chapter III we analyze and determine performance 
of a coherent M-ary Frequency Shift Keyed (MFSK) receiver 
Operating in the presence of noise and jamming. Chapter IV 
deals with non-coherent Binary Frequency Shift Keyed (BFSK) 
signal detection in the presence of noise and jamming. The 
performance of the well-known quadrature receiver is analyzed 
under dual channel and single channel operation. In Chapter V 
graphical results are presented and discussed, and performance 


comparisons are carried out. The conclusions and interpreta- 


tions of the results obtained are presented in Chapter VI. 


Jae 


II. COLORED NOISE INTERFERENCE BFEECTS IN CORNERENT 
M-ARY PHASE SHIFT KEYED MODULATION 

A. SIGNAL DETECTION IN THE PRESENCE OP COLORED NORA 

The system whose performance is to be analyzed is described 
in Fig. 2.1. The structure shown is the optimum receiver for 
recovery of MPSK modulated data, in the presence of additive 
white Gaussian noise. In PSK modulation, the source (or 
modulator) transmits one of M signals s. (t) , where 
i = 1,2,...,M, over a prescribed time interval. Because in 
transmissions and reception these signals are interfered with 
by noise, at the receiver one observes the signal r(t) rather 
than just one of the transmitted signals. Using hypothesis 
testing concepts, we say thateunder pontes A; ri 


takes on the form 


> 


Hs: ECE) S. (t) +w(t) + no(t) (2) 


where for M-ary PSK modulation 
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Here W(t) is a sample function of a white Gaussian noise 


process of Power Spectral Density level N /2 and ng (t) ls a 
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sample function of a colored Gaussian noise process having 
autocorrelation Fimerreon Km) . We assume also w(t) and 
n. (t) are statistically independent random processes. 

The receiver of Fig. 2.1 is, as previously pointed out, an 
optimum processor (in minimum error probability sense) when 
n (t) 0. The analysis that follows evaluates the effect 
Of nAn) on the performance a this receiver. Since Base 
may represent some form of jamming, the error probability 
expression to be derived can be used to determine the vulnera- 
bility of such a receiver to colored noise jamming, or 
conversely, to determine the colored noise spectrum that most 
effectively causes poor or inadequate receiver performance, 
namely, high error probability. 


The signals S. (t) , i= 13237..,.,M “can be shown THa 


have cross-correlation coefficients 
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The receiver takes advantage of the fact that we can express 
the S. (t) functions, 1 = 1,270 ve n eea ME 
than approximate) expression of a linear combination of two 


functions Y (t) and Y, (t) . In other words 
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These basis functions Yı (t) and Y, (t) can be derived via a 
Gramm-Schmitt orthonormalization procedure (or almost by 
inspection in this case). It turns out that Y (t) and Vo tt) 


(which must be orthogonal) are given by 


Cos 20M T 


yy (t) 12.60) 
IU 2 
and 
po (€) = Sin 27kt/T çen 
V TA 
where k is an integer. 
It can be easily shown that 
E DM = n 
S;1 = Cos mn nen lea, ,M (2,8) 
and 
eee 12)... M NS 
I2 M ; 


ilb 


We define 


GE M 1 2 D (200508 


and assuming equal prior probabilties, namely, each signal is 


equally likely to be transmitted, the receiver computes 


2 
gi = ae ey s (23158 
n=l 
and makes decisions based on which Li value is largest. Thus 
with 
dE 
no a (OR) di a Ne (2.10% 
we have 
Jt 
p» - | cos AN ar) W(t) dt 
gt 
+[- Sin A fo e (8) ee ee VIS 
O . 


V Cos(8, +n) ] a eee (2. EE) 
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Clearly 


2 2 1,72 
ME (Ve + Ve 5) 
where 
T 
p y e de (ONIS) 
E 
7 m a r(t) y,(t) dt wi) 
and 
-] V 
n = Tan 7 Co c) 
E 
Br RECEIVER PERFORMANCE 
Since conditioned on any hypothesis Hi, RZ 


Vo and Ve are Gaussian random variables, we can obtain the 
statistics of the appropriate random variables, in the follow- 


ing manner. First, we have 


edt 


Il 
E{ f WE S (0) El) + a (e) ly 
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Bc = 1 
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E(V,/Hi]J 


also 


Var(V./H.]) 


and 


Hr EMI 


In Appendix 
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T 
Et f (WE S¿(t) + w(t) + no (t)]y,(t) dt) 
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T 
VE e Sj (t) y(t) dt = YE S}, (2 20) 
J = 122i ‚M 
T 2 
Ef[ $ [w(t)+n, (t)1y, (t)at] ) 


(2:28 
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( 20902 


we demonstrate that 


LS 


T 
J A ES mae) Wir at di 


E e oz 
= J / Kott-t)yolt)volr)dte dr = 0, (A. 7) 


so that Ve and e conditioned on x have identical variances. 


Observe also that 


EC [V,-E(V./H, )] [V,-E(V,/H5)] /H.) 
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We can observe that the first double integral in Eq. 2.23 


is zero, so that 
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= Jf K (E-1) (€) y, (1)dt dr B of 2 Di 
00 , 


l | | 2 | 
We demonstrate in Appendix A that in general 01 2 15 MIO 


Nt a and DE conditioned on H, may not be uncorrelated. 
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However we are still able to express the joint probability 


density function: Vo and V. by using the general form [Ref. 


;] of an N-dimenszonal Canssianirancdemvecior SA 


È I T -1 
P (X) = — 5 — 75 exp f -E np A. (X-m | (2 
== Ny 1922 2 — — é me > 
E (27) N/ EN / X ~X x 
where 
m ELX) o 
and 
À. =e (X -m) (x -m 7] (12 
n Hm nen È 
In our case, we have a 2-dimensional problem in which (see 
Bs, 24109 0 
VE 941 
Ma = n de 27 ,M (2 
VE 531 
and 
N 
O 2 
Zi NE 
A - N ie 
o? Ec 
L 1,2 2 
so that 
N 
_ O 2 2 A | 
DA = gi e 0/2 - 4 2 


It is simple to show that 
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Now we need to obtain from this probability density function the 
Rn: probability density function of V and n conditioned on ES 


This type of transformation [Ref. 6] is well known and can be 


used here to obtain 


SILA = M V /u, Y Cosn,V Sin n/H,) 
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This probability density functlon can be expressed in the form 


> V 1 =. 12 
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V COM 
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which can be simplified somewhat. 


Observe that the exponential of the first term simplifies to 


2 = 
alV +E - 2VYE(S.] Cosn un Sinn)] - 2b [vé Sin Cos) 


- ei Sinn us Cosn) + SEE ee (29908 


and the exponential of the second term simplifies to 
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2 = : 
alV +E +2VVE(S.] Cosn+S., Sinmi = 2b [vê Sinn Cosh 


+ VYE(S.1 Sinn ED Bos nr ES 8,2] (029) 


We can now group certain terms together. Observe from Eg. 2.8, 


Lv ww O and Eg. 2.10 that 
Sj] Cosn Sinn = Cos E Cos n - Sin 9, Sin n 


= Cos (8; *n) i221 


also 


Cos o, Sin n - Sin 8. Cos n 
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ww 2,....M, so from Eq. 2.36 we have 
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and 
SII on = nn =) (2343) 
we have 
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Mena ri = O and 0 Br Tr 


It is apparent from the range of n that the two exponential 
terms can be replaced by a single term with n ranging from 0 
iN 


Thus, we have 
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for V > 0 and 0 < n< 21. The probability density Func 


n conditioned on H) is obtained via integration of P n V nE 
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namely, 
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 -Umung to our decision rule, (Eq. 2.14), recall that we 


decide based on which 
Li = V Cos (8, +n) EA EI (pe) 


is largest. 
SO, if Bj is the true hypothesis, then a correct decision 


is made if 


V Cos (9, n) > V Cos (8,+n); qp SM (CAT) 
Se 


Since Cos x is maximum when |x| is minimum, we see that if 


H is the true hypothesis, a correct decision is made if 


(cali SEE ELEM ^ M (2.48) 
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Row trom Eq. 2.9 we know that, 
0. = 2m(j-1)/M 


ew, 2.54 is satisfied for n in the region 


-9, — — seni — O + — No c9) 


Bas che probability of making a correct decision, given that 


H. is the true hypothesis, Bric/H te is given by 
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Pr le Em = P (8-0:/H.)d8 (2.52 


Now from Eq. 2.45 and Eq. 2.46 we have 
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and Eq. 2.52 now becomes 
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ESNOV/E Cos EI Sin2(8-6,)-2V/ESin(8-20,)-E Sin 28.1] lav dB 


e 


Observe that if colored noise is not present, then from Equations 
wi 2.30 and 2.35, A = (N, /2)* meşk “0 sco that EC. 2.57 
simplifies to the well-known expression for the performance of 
the M-PSK receiver operating in the presence of additive WGN. 


Phat is, 


27 


P = dla 2T N 72 exp{-=-[—[V 
= -7/M 0 27 N/ 2 2 2 
- 2VVE Cos B+E]] JdV dB (2.58) 


where in Eq. 2.57, the dependence on the index j disappears 
when b = 0. While Eq. 2.57 yields a mathematical result on 
the performance on the M-PSK receiver in the presence of 

WGN and colored noise jamming, its further analysis represents 
a separate project in itself. Not only must Eq. 2.57 be 
optimized for energy constrained jamming but also it must be 
evaluated when the jamming Spectrum takes on some simple forms. 
For this reason, no effort has been made to further develop 


the above results. 
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PADRE DINO TSE INTERFERENCE IN COHERENT M-ARY 
HKE VENCY SHIFT KEYED MODULATED SYSTEMS 
A. MONADE TECT TION IN THE PRESENCE OF COLORED NOISE 
The structure of the demodulator whose performance is 

to be analyzed is shown in Fig. 3.1. This receiver is 
known to be optimum for deciding with minimum probability of 
' or, which onesofsMsdafferent signals forming an orthogonal, 
equal energy set received in additive white Gaussian noise was 
actually transmitted. The problem analyzed here, can be 
stated as follows: A waveform r(t), received in the interval 
(0,T), contains one of the M signals, S; (t), DEOS 2M, 
with equal probability, as well as white Gaussian noise w(t) 


of Power Spectral Density level NC /2 and colored Gaussian noise 


no tt) Barzıing autocorrelation function Kir. The signals are 
orthogonal with energy e. That is 
T E i = j 
oi, = J Sį(t)Sj(t)dt = (3.1) 
0 J O if j 


The decision rule used by the receiver, is to choose S; (t) 


as the transmitted signal if G; is a maximum, where 


G = : e See cy el E OU pt. (202) 
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JOATODOA MSJM 


ERE Om TT 





(4) 4 


while this is an optimum test (in minimum Probability or error 
sense) in the absence of the colored noise n (t), the analy- 
sis of the next section is carried out in order to determine 
the effect of ne (t) on the receiver performance. Since no (È) 
will typically be inserted in the channel by an unfriendly 
jammer, it is reasonable to assume that n(t) and no tt) are 


statistically independent random processes. 


Be RECEIVER PERFORMANCE 

Since Gi PS output of the ith correlator, and condi- 
tioned on any hypothesis, Gi is a Gaussian random variable, 
we can obtain the appropriate conditional statistics that allow 


determination of Par namely the receiver error probability. 


Thus 

al 

E(G,/Hi) = a [Sj (t) tw(t) tn, (t) 1S, (t) dt} 
T 
= > Sjtt)s,tt)dt = € Sy, CINE 
and 
m 2 

Var{G./H;} = EU) [w(E) tn, (6218, (t) d£]. ) 

li 

= m [wit +n (t) ] EwCO £n, 001854 (8, CO det) 


Su 








RE ON 
AER - no E a | 
Var sci : oi [ 5 Cy ees EA T 
No T T T 
= “e DE eme - ! 
> wi Ss. )S 5 ( rate + bh Ko (t T) S. (t)S, (t) dedi 
No TT 
=e /] K5 (£71)5, (£)5, (0)dt dr (3.4) 
Define 
2 A COME 
I; = " K_ (E-1)5,(t)S, (1) dt dt (3.5) 
so that 
q BS 2 
Vee e > c = JE (3.6) 


Observe furthermore that 


EL IG,-E(G,/H; 1] (G,-EiG,/H,}1/H, } 


T T 
- EDI [w (t) +n (6) 15, (t) de > (w(t) tn. (t) 15, (1) at} 

TT N, TT 
— Jf 9(671)8, (E) Sc (0) dedt TJ K_ (t-1)S,(t)S, (t) dedi 
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Ei [G; -E(G; /H,] [G,-E(G, /8: 2] /Hi]) 


NT TET 
= > E S. (€)S, (t)dt + n KG (£71) S, (O) S, (0) dC dı 

N_ TT 
uo © Sk + JJ Sa eg SSIS Unico di (Dio) 


As can be seen from Eq. 3.7, due to the presence of the colored 
morse, the random variables Neal are not uncorrelated. 
However we will show that for MFSK with signal frequencies 


mvc are sufficiently separated, the integral 


TT 
Jf Ky (t-1)S, (t) Sy (1) dt dt (3.0) 


vanishes for j # k, so that the random variables are indeed 
uncorrelated. 

Anus, conditioned on Hi, the a are statistically indepen- 
dent. Assume now that S; (t) 1s transmitted and G; = x. Then 
mie conditional probability of a correct decision, b 


CES becomes 


Eg 





Pic/H 7G. 2) = P{G, «Xx,...,G; 4 va <x/H,,G, =x} 
M 
= I P{G, <x/H.,G. =x} 
PET k qv 
k#i 
M x t N 
= II J eee E] E 1 ee itchy: (3335 
= 2 GK 
k=1 -o N 2 
k#i ME On 
Introducing a change of variable, 
No 2 
DS > (3. 10) 
we have 
N 
O 2 
xX FE k 
> 1 22472 
PGH r C II = E dz eres 
k=] -o y/ 2T 
k#i 
Now, since 
E{G,/H,} = € i GE. 
and 
N 2 
VariG;/H;] = E E e So, ,k (> 6 ) 


we have that 
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oo N 


M ilr 2 O 2 : 
= .,G.=X} EL - (x- kx, 
P(c/H;) = P{c/H, ,G,=x} o {- (x-e) /2 eto. A 
e 2 
MM 
so that using Eq. 3.11, we obtain 
L 
x/ eto 7 
un ec 
EE.) = Í m = e dz 
— 00 k=l — OO 
k#i 
N 
x —  _ expi-=tx=e)%/2(Le+0* | yes (EIZO 
EN 2 Gol 
O 
Verger? o 


Assume now for convenience that M is odd, and express the M-ary 


FSK signals as 


ot). = A Cos (we QN e o mu) e: Ür vE SL gl) 


i 
N 
se that 
T -jwt © © ME 
I (tie so s İM pe e 
0 JL EM gs 
= F{Si;l(t)p(t)} i= 1,2, , M b 


where 
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ox aL -jwT/2 


peel a= +> P(w) = Te A a. 155 
0 otherwise 
and S:(t) is just S,(t) with -» « t < e. Thus 
| SET), Te 
b ep NE = Me S; (@=A) P(A) dA (3.16) 
where with 
ö a (Qo M (3.090 
we have 
S: (w) = TALS (w- (wi tw; )) = S (wt (wi tw i))] (3. 1588 
for ie] m 
Thus 
: co — yayı 2 | 
I a = aye E Sin vI/2 q, 
F{S! (t) p(t) } = 7. TA [6 (w-v (wtw; ) } +6 (w v+ (w_tw,))]Te 1/2 
E ani a maiale do slo 
L (w od Wi / 
=] (0+40r4w.)T2 Sie e 2 
+ e ER ca — ai 
(utu tw, )T/2 


For convenlence, let 


36 


a JwT/2 SET 2 


L(w) = DT/? mc 2099 
SO that Eq. 3.79 becomes 
Fist(t)p(t)} = F(S;()) = S,() - 
- PT UL (oou, uş) + Lute tw.) TN 


i = le ZN 
Let us examine now the correlation coefficient 914 namely 


T T 
= S.(t)S.(t)dt = tw.) a 
T o! ¡ (5) Sy (8) o ACos (u tw, )tACos (w_ + ,)t at 


ee JT Sin(2u +W.+w.)T 
( n os E as J | ON 


E o. m m "GL IST 
p (0; z T DET 


If we assume that wT >> nm, then the second term in Eq. 3.22 


En shes and we have 


T 2 
= zd a) Ayı 
JE b Si (t)S, (t) dt SEES an 6 23) 
In order to have orthogonal signals we need at least AwT = 7 
or equivalently Aw = 7/T. Normally, we will have 


deti. fi T von 
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where k is a large integer, so that JE — Oror 1 


J 
from Eq. 3.23 and Es, 


From Eq. 3.5 1t appears however that the term s 





cra 
independent of 1. Nevertheless Eq. 3.12 becomes 
xA | Lero? 
E 2. cud 2 
Píc/H.) - | m" | ut 12 az 
kz 
N 
2 2 
x L expi-(x-e) Yo EN 
N 2 CA 
2n (Seto 

2 aot 

rer 
DE 
n = 
MS 
Eb 
3 Et 
Then 
N 
O 2 
= Ni —2 + 
xX € n JE osi 


So that Eq. 3.26 becomes 
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Thus, 


(34 200 


(34268 


(Sco 


(3285 


ER; - I mer 12 öz 
=~ k=] - /27 
kzi 
l -n^/2 
x — e dn (3.29) 
/27 
Ramal ly, 
1 M 
PIO, a PE] (3730) 
: at 
ı=1 
or equivalently 
e 2 
M Soli ea > ee 2 
m 1 a 2 
Pict =  ) Jj 1m erfe,| —————— — e dn SS) 
i=l -oœ =] No 2 v 2T i 
am | p. y. 
We must focus on the 0° e factor,» Observe from Eq. 3.7 that 
E{(G.-EtG,/H,}] (G,-E(G,/H;}1/H, } 
N T 
EE t Ji Ke (E-1)S, (t)S, (T)dt dI (3.7) 


and the second term becomes 


LN 
ff BK (t-1)S,(t)S, (t)dtdt = Jf Ko (8-0) Si (t)S, (t)dt di 
ON e : 


li 
y|- 
= 


an urn Aw (35 225 


It has been shown in Appendix B that 53 (=0) and S, (w) are 
essentially frequency disjoint, therefore Eq. 3.32 is zero 


for J # k. For j = k, we have (uSing Eq. 3.21) 


it 2 
ri C J Ss. (w) MCN du 
Avo po É 2 
= EE i f So (w) ¡L (0-0, ) + L(wtw tu, ) | du "e. ss 


If we define 


x 2 
DM E f S (w)|L(u-u cu) + Dlwty tw) | do (3.34) 


ee e I 


then, withe — A T/2 LEG. 5 250) 
g = eI je lr a] ( 32359 


Thus «from ee 
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plc) = & Î f 








e 6) 
i=) = 
so that 
= x 
M © N et — tek. 2 
P = 1-5 f Tm ert, a DR 
izl -~ k=l N, /27 

k#i ester, 

Observe that 
A nn! 
I DU il SNR 
E+N E EE i 1/2*1; SNR 
_ = S (3.38) 
y o Ee VE SNR 
E k a le I+21! SNR 
yo 
—— tel. 
2 1 
Lo 
Where e/N, = SNR and I: e Weni Channel JSR 
Then 
nes SNR 
u oM 0.541! SNR e > 
 — l- M " f ) erfc,|] ————————— |——e '*" dn (3.39) 
i=l] -= k=l 


- /27 
ki 1421, SNR 
It2I; SNR 


Consider now the following colored nolse power spectral 


density, 
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M 
S_(w) > 21K ‚lee * 6(w-w -w,)İ a (3.409 


Thus, the colored noise consists of equally weighted "tones" 


at the signal frequencies. Therefore, Eq. 3.34 becomes 


= M 
T 2 
IL => 9» ¿TK ¿e (Slot) +S (wzw 701)] [L u) +L (wtw ta) | du 


M 
2 2 
TK íi AA + |L(w; uy) * Lu tuy tui) | ] (SE 


Since Wo 1s typically large, we can justify the statement that 


the terms involving ou are negligible small, so that, 


E 2 2 
ale TKI È Le e) + [L@,-w) [7 

ı=1 

: > M er) 2 
“Ie. to e) = 2TK Y — — 75 

il gi is E e 
M Sin (i-k) AuT/2 \ 2 

l-l 

With AwT/2 = mn where m is large, we have 
I — 2k or i = ik (37 


We can impose a constraint that 
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o M 











— M EA 
Poj = mj S tu) du K J niet.) + Su We ws) dw 
=  2KM (Soda) 
Then 
K = Pg eu (a sy) 
and 
- Pas TP ay 
Furthermore 
I LEE 
K De) 
ı c = .4 
i € Me EA, 
and since 
IP; = jammer energy and 
e = signal energy, 
this implies that TP aj” £ = JSR. We have therefore that 
Bq. 3.39 becomes 
M-1 
M co oo 2 
E E _ SNR e ni) d 
E- 7H i zi h di İl ) ra en 
> M-1 
> _ _ SNR 1 siii 
a e |: ceto, (tt SIR ) PS = A cs 
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Observe that for JSR = 0, Eq. 3.47 is identical to the we 
known formula for the performance of the receiver of Fig. 3.1 


under MFSK modulation. 
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Pie e HERENI BINARY FREQUENCY SHIFT KEYED 
Soto tee PON SiN TRE PRESENCE OP COLORED NOISE 


DNS TEE QUADRATURE RECEIVER, EQUIVALENT FORMS AND RECEIVER 

PERFORMANCE IN THE PRESENCE OF WHITE GAUSSIAN NOISE 

In this section, a short oresentation Of re basic princi 
ples of statistical communication theory that lead to the design 
of the well-known quadrature receiver is undertaken. Basic 
results that are useful in the sequel are presented only, since 
the details have been worked out in numerous textbooks (see 
(Ref. 7] for example). 

consider a binary digital communication system model in 
which one of two signals, So tt) om S, (t), with energy pe and 
Ey, respectively, is received in the time interval (0,T). At 
the receiver, white Gaussian noise with zero mean and spectral 


density No/2 is added to the signal. The actual received 


signal r(t) takes on one of the two forms, namely 
MES. (€) + ne) 00 < ts T, i=0,1 (ara 
mec likelihood ratio test which operates on r(t) in order to 


choose which one of the two hypotheses is believed to be 


the true one, namely 


RP JA 
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is 


er T 2 
ee T [r(t) -vE, S. (E)] Jat 


Ar) = —— iw (4.3) 


T 
ai at 
exp{- No + [r(t) -VE, S (t)] dat 


where y is a threshold whose value depends on the decision 
criteria used. This test can be applied to any communication 
problem involving transmission of known signals So tt) and Sı (t). 
One such example is the well-known BESK modulation schon 

One problem of interest, which is a slight modification of 


BFSK modulation problems, involves signals 


VE; S. (t) = A Sin(w;t+ò, ) 1= 0,1 (4.4) 
Cet 
where the phases 9,, i = 0,1 are statistically independent 


random variables, uniformly distributed over the interval 
(0,27), and the amplitudes A are known and equal. It tur 
out that the test specified by Eg. 4.3 can be modified to 
account for the random phases di by using conditional prob» 
bility densities. 

The details of the procedure have been worked out in Reference 
8. It can be shown that when the signals are given by Eq. 4.4, 


the test of Eq. 4.3 becomes 


I (2Aq,/N ) 
_ O lo D a 
© O O 
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where 


P 2 T 2 
2 
q = E Em oin atm al y zt ee | Ro k= 0,1 (dee) 


and If) is the modified Bessel function, defined by 


7 xX " > N ¿ECOS (6+c) d 
a ne a; 


I (x) = 


ee minimum error probability decision criterion, the decision 
vE of Eq. 4.5 assuming equal prior probability of trans- 


mese tindg So tt) or Ss, (t), is to choose Hi Jk 


NO (AGN) (4.8) 


or equivalently, to choose Hy IDE 


Ze 2 
Se; 
Otherwise Ho 1s chosen. (Observe that Ta) Sta monotonically 


Wiereasing function.) 

The receiver structure that implements the test of Ec. 
4.8 is shown in Fig. 4.1. Another (equivalent) form of the 
Aoi erecta: 4.1 is shown in Fig. 4.2, involving a combina- 


tion of matched filters and the envelope detectors. The 
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Figure 4.1. Quadrature receiver 
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Figure 4.2. Matcned filter equivalent 0 Cuadro | 
receiver 
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receiver of Fig. 4.2 is completely equivalent to the receiver 
of Fig. 4.1. 
The evaluation of the performance of the receiver has been 


worked out in Reference 9 and is given by 


SIS 2N 
EL O 
Pa mao = CA 
2 
where E = A T/2 is the average signal energy. If we now 
define the signal to noise ratio, (SNR) as 
SNR > E/N 
= /Ng 


we obtain the simple result 


ea 5 exp{- SNR/2} (4.10) 


B. RECEIVER PERFORMANCE IN THE ERESENCE OP COLOREDMNOISE 

The receiver presented in Section A is optimum in minimum 
probability of error sense when operating in a white Gaussian 
noise interference environment. In this section we analvze the 
vulnerability (probability of error) of the quadrature receiver 
in the presence of an additional additive noise that is modeled 
as colored and Gaussian, having autocorrelation function 
EU. (We denote ne. (t) as this additional colored noise). 


The problem can then be restated as follows. Under 


hypotheses Hi, i = 0,1, r(t) takes on the form 


- 
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= 0,1 (4 15 


where 


W 
ct 
i 
= 
t3] 
un 

He = 
ct 
Il 


A Sin(w,t +69.) e PM (4.12) 
In order to determine the effect of n. (t) on the receiver 
probability of error, we evaluate the statistics of the random 


variables af, k = 0,1, where, as defined by Eq. 4.6, 


> m 2 T 2 
qy = E r(t)Sin wm, tdt si y r(t)Cos w,tdt (4.6) 
ke va 
Thus, conditioned en Hi, 1 Oe 
> T | 2 
d = z [S; (€) +w(t) +n (t)]Sin yl 


T 2 
+ E [Si (€) +w(€) +n_(t)]Sin Wy ea | 


= ae E Ir 1 rU ka= 0FL (4.13) 


Observe first that the integral 
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T T 


E S,(t)Sin w tdt = o! A Sin (w,t+9,)Sin w, tdt 
Sin(w.-w, )T/2 
BAT IE K _ 
E! LS Ee i: 
dq EIC 
Sin(u;tu,)T/2 
eo tee RI e 
pc | k = 0,1 


If we now assume that 


| 
N 
e» 
4 


(ww) T = 2mt and (wtw) T = 


we have that Sin(w, +w,)T/2 0 or O Vk — Ol. 


T | AT Sin (w,=w, )T/2 


i= 0 l k= O, 


where 


ane 
lk 


r Sinw.-4)T/2 | 


DU 


Thus 


(2,288) 


Now conditioned on 0, 1 DO Mn no and y. are Gaussian 
T PR DR 
random variables, so it is possible to obtain the conditional 


probability density function ar Gyr Kk = 0 EE is 


T 
EQ; Lf, 01) - J Ss. (t)Sin w tdt  i- 0,1 k - o, 1 NENE 


and 


T 2 
Var(X, ,/H,10;) zl (a (E) 4 (£) ) Sin atit 


mT 


-—- 


= Jf Elw(t)w(t) + n (t)n (1) ‚Sin y tSin urdt dt 


fe No 2 qu 
= gi =p w, tdt T ^ K , (t-t) Sin wt Sin a, TAE da 


ATE 2 
= Ou * Sek ıs 0,1, pl (42208 


where, assuming that 20, T za 


A ME 
oa o! Sin wptdt e pe uy (1521 
and 
TE 
gi = JJ Ki (e=t) Sin ve sim vel ec om (47223 
c,k o C S ın ur = , . 


32 


Similar ly 


T 
AI AS COS 


E (Y; Eş , 


i Ceti Ok = O ZO 


k 


and 


N 2 mi 
S i > T i 
i 5 Cos ux tdt x K (t T) Cos wt Cos o idt d 


Var(Y; y/H; 01) I 


A 2 E = | 
= g ae Kcu. l1 = 0,1 (4.24) 
since it can be demonstrated that 
if Tr 
MK (t-o)Sin w tSinu dtdr = ff K (t-tiCosutCosu tdtdt (425) 
a Al 


Eiımally 


E 





er 1 Y, ¿CE 8 di Jw nt 





T T 
mi E E Lw(t)+n (t) ]Sin u, tdt y [w(T) + n_ (1) ]Cos ag arl 
he ip 
= —- Sinw t Cosw tdt + Ke o e Cosu, Tat dr (4.26) 
0 2 K e 00 e e k 


D 


It can be shown that these two integrals are zero so that 


ze 


and Yi x are conditionally uncorrelated, and therefore 
, 


Mins. since they are Gaussian random variables. Now 
define 

aL È ar k = 0,1 (22D 
and 

o” = o” E m Kk — 1 (4.28) 


so that the conditional density functions or Gye 


(q'+i! ) q'A' 
; u L O “OO 4 O OO i 
P(o to) = — exp = | I, ( e «p 


2 20 oe 
O O 


where u(-) is the unit step function ana 


2 2 
1 — 1 ^ 
^oo E US e Eis o is d vos e OR 


Using Eq. 4.16 and@ Eq. 4.167 ve hão 





2 DE 2 2 
AS ( 5 Cos bo? - (= Sin $) = { 5) 
Also 
(q'+1! ) su x 
i i O TO O JO ! 
P(q/ Hi 67) me 2 Es 2 ES 
20 20 Jo 
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k - U, Baez > 


(4.29) 


(230 


(A 


where 


2 


! — 2 = 
À = E (X 0/8] 67} + E (Y, 9/41 191) = 0 


eo the result of Egs. 4.16, 4.17 and 4.18 for i # k. 


Therefore 
DEG oO) = + Exp q'/20° }u( 
een = I 
O 
Furthermore 
Mt 1 q 
dl 
F(q/H 9) = 5 exp |- —— çipi Jute (a!) 
20] 207 91 


where again due to Eqs. 4.16, 4.17 and 4.18, 


"NS > 2 7 
ERR CS 0 
So that 
P(qi/H 19) = —s expl-g!/209)ul 
OE > a E -di q) 
G 
1 
Benally 
Tt Au q 
P(qI/H,0) = —Ñexp Bau cuam J wep 
207 204 94 


DID 
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97) 


a) 


ad) 


9) 


20) 


7) 


N 2 NATO 
^11 = E (X4 1/8494) JUNE {Y} 3/39} = E (ea 


We now have the statistical information needed to compute the 
probability of receiver error Po: Assuming that each hypothe- 


Sis has equal prior probability, we have 


Jl 


T 
e = 3Plq-9 >0/5,) + 7. (q, -9, <0/5,) (4.39) 


Observe that 


co 


P{q]-4, > 0/H,) = F P{q, > door do a de (4.2408 


where 
Pig, > MS ME f P(q,/H,) dq, (AA 


Since the conditional probabilities Functions are mee 


dependent on the individual phases, that is 


(4.42) 


Il 
© 
= 


P(q,/H,) = Plq,/H,,6,) i 


and 


(4.43) 


Il 
O 
c 


Il 


P(q/H,) P(q /H,,6,) sl 


RO 


we can rewrite the conditional probability functions in 


the following form 


P(q/H 19) = 


P(q,/H, +o) a 


Thus 


Pig, q > 0/4) 





2q P (4/5 10) 
q, (7/24) ) fa (a2) 
E sa Ã Te ———5—] se 
O 2° e O 
o o O 
2 
29,P (94H 191) 
E 2 
— exp {- 42/20 luta, ) 
Jo 
2 
297 P (9/81 67) 
d 2. 2 
= exp (- 97/207 Ju (q) 
O 
1 
2 
q ((AT/2)* +44) q_ (AT/2) 
mie — Lo 2 Ju) 
n 204 9} 


O oO 


= ones Pig MFO 1F, (0/4140 
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. 44) 


we) 


.46) 
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Sımilarly 
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Plq,=q, < 0/H, J = İ Pia ae (4.49) 
where 
O 
P(q, «qo/H,,qy 70) - | Pq, /Hy) day (4.50) 
so that 
= O 
do Zar NI | [ Pia, /A,)da, Py (0/5 130 (4.51) 


Using now Eq. 4.44 and Eq. 4.46 we have 





oo co q 
x Ik 2 7 
P{gj 79, > 0/H,) = "| f A] 7 (0/H_) do 
—00 ‘© o O 
1 
~ 2 2 ~( (AT/2) “+ È, (AT/2) 
gee 2 O 2 
=00 20 o 
O O O 
For convenience, let € = AT/2 and,recalling u(p) = 1, p > 0 


Eg. 4.52 becomes 
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Pg > O/H} = y exp ty 





© — pe 2 
3 exp | e /2e M. 5) do (4.53) 





201 20, en Io 
Letting 
a x go 
T _ i T _ O 1 
NNNM EU 7 22 Se Se) 
On Ci Io Sol 
so that 
2 poa 2 
Op = 1591/65 +04) kd 55) 
we have 
2 2 2 2 
: oo 2 2. İm ; —E /20, , Em 
Pig, -d, > O/H} = y exp{-p / 205 m e I, (2 Ai 
S OUT “m “o 
2 
on Se /20% 02/207 co va (oa) /205 Da, 
“o Op OT 
where 
2 N2 | E 
a, 7 EO OS COE.) 


Now the integral itself yields 1, since it is the integral 


Gia probability density function. Therefore 
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2 22 2 
Om e? E 0/0, 
m 20 207 
o 2) 3 
= pene (4.58) 
2 20° 2 
Jo Eu SS 


SsimilarlyMeo regge tti Da 


er pa, (Bit a 
vem s f [3c a 
— OO O G 
1 1 
napaa |24 0p | (4.59) 


Observing first, the quantity in brackets can De expresse Mm 





pq, 7 ( (82/2) ^«q7) /20% di E 
| Ze i 5— |u(ap dai 


AT, 2 2 AT 





= 1- pie? DES «y (Juan (4.60) 
0 Oy 97 
Letting 
ay = AT/20] ( 4069 
and making a change of variable 
X q1/91 (4 621 
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we have that Eq. 4.60 becomes 


DD 
co “(x +a,)2 
1 - f xe I_(a,x)u(x)dx = 1 - Q(a,,0/0,) CET 
Sl 1L 1 
0/0) 


where O(:,:) is the well-known Marcum O function [Ref. 10]. 


os 


Therefore Eq. 4.59 becomes 


EI LO 
Piq,-q, <0/H,} = J È Q ka a) E e u(p)dp 
- g 
O 
co m 
ll fo, O) ne ? ao (4.64) 
0 1 l gs 




















T pc = 
fo AT/2 9 = SETE O iso MM. (AT/2) 
0 91 91 2 2, 2 2 " 
Jo ar Jo a 
2 ee 
g 2 
l (AT/2) 
Gute 
go +9] Ja * 94 
ko 2 > 
E o _ (AT/2) Sl 
É ap e | 2 | + ão 
9, +07 o O, +07 
2 
g D 
- 1 CO, T2) (4.65) 
É E DA 2 ) 
JL Jo EL 


ol 


Thus Eg. 


4.59 becomes 








2 
g 2 
O CARTA) 
P(qj-q, « 0/8; ] 5 2 5 (4,06) 
o +0 Ag) 
o Gl RI 
Now using Eq. 4.58 and Eq. 4.59 in Eq. 4.39, we have that 
Dd 2 3 2 2 
NEL. (AT/2) E C (AT/2) 
P = =— exp 1- — + = a 
= 2 E "n 2 2 4 2 2 | 2, 2, 
2 O Le o So y 
Recalling that € = AT/2, using Eg. 4.55, we have 
I 
2 
DE R = (4.67) 
e 2 2 m 
® Ji 
From Eq. 4.67 it 1s clear then om m m Pas we 
must maximize 0° +07 subject to some constraint on the colored 
noise power. By Eg. 4.20 
2 2 2 2 2 2 
oO +06 = Cee es Tog ME ES 
O di w CHO W peli 
= 0255 qu d E (4.68) 
E Gl 
where 
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T 
f K (t-TICos ut+Cos w T dt dr 
We c o O 


qQ 
N 
+ 
Q 
Il 
OT, HJ 


r 


eu K _ (t-1)Cos wt Cos w,t dt dt (4.69) 
0 


I 


As an example, consider the case where the power spectral 


density of the jammer is 
Ss (e) = TP LS (u70.) T 5 (wtw) ] 


Under this assumption it has been shown in Appendix C, that 


Eq. 4.69 becomes 
NE n N2 ‚Sind -w.T2\ 2 
- = c Á — E, + | me e (4.70) 
, , su ~ Ws À 
Ro cl 4 (y. ws) T/2 (Wy m 


where EE and Pe are the frequency and the power of the jamming 


waveform, respectively. It has also been demonstrated in 
Appendix C that Eq. 4.70 is maximum at n vo Or w = wj, SO 
that 
E a 
PT le DUE 
2 2 C leo 
(2,021) n A ) al RUNE 
max lo 


and Eq. 4.68 now becomes 
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2 2. , A PT (ea 2 i 1 n 
È 1 eg 4 A (Wu )T/2 | zZ 


Thus Eq. 4.67 becomes 





222 
p = Lex =A T /4 i 
c 2 2 - 
PT Sam (ww |) 7/24 2 
Poo [— NN 
O (w REY 
A T/4N, 
2 
P T Sings cum ZI 2 
1L PE ] + Me T 
2N, | (w o) T/2 | 
mE - SNR 
ea: Sin(w-w)T/2 427. — (4.73) 
2 + uses + ( — ) | 
(w. -w )T/2 
] NO 
where SNR = (a^ 7/2) /N,. and JSR = Se T/(A°T/2), represent signal 


to noise ratio and jamming to signal ratio respectively. 
Observe that with JSR = 0, Eq.4.73 becomes identical to 
Eq. 4.10. This result is appealing because for the case of 
no jamming, the receiver performance should be identical to that 
of a recelver operating in white Gaussian noise interference 


on. 
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RECEIVER PERFORMANCE IN THE PRESENCE OF WHITE GAUSSIAN 
NOISE UNDER SINGLE CHANNEL OPERATION 


In Section B, we have analyzed the performance of the 
quadrature receiver in the presence of white and colored 
Gaussian noise. Results were specifically obtained when the 
colored noise interference was a Single frequency jammer. Sup- 
ERC now that the quadrature receiver experiences a single 
frequency interference which corresponds to one of the signal 
frequencies, say We Since the receiver makes binary decisions 
based on whether di > To or vice versa, the presence of the 
interference at frequency wo will cause do to be greater than 
g, most of the time creating decision errors nearly 50% of the 
time. 

In order to prevent this type of situation from arising, 
mee receiver can turn off the see channel, or equivalently, 
make decisions based only on the output of the other channel, 
that is, based only on the size of g]- In enis Section the 
performance of the quadrature receiver is analyzed assuming 
white Gaussian noise only interference, and that decisions based 
on only one channel output are made. 

Assuming that the receiver bases decisions only on the 


Size of qi the decision rule now becomes 


di af Ca 


mec from Ed. 4.6 that, 
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2 T 2 T 2 
EE " rie)em cat | a > r(t)Cos w tdt b) 
k = 0,1 
e 
E ES (4. 759 
The probability of erroris 
CA = Pig ER) r Pig] <Y/H,IP{H, } (4.7100 
and assuming that P{H_} = P{Hj} = 1/2 then Eq. 4.76 becomes 
P > Pig, >y/H_} + i ea, (d RD 
= 2 Je O 2 jJ Il : 
The information bearing signals are 
VE; Ss, (t) = A Sin(w,t +9;) EM ea: (4.4) 
e SE 
and in Section B we roundi hot 
2 
ze 
P(q,]/H_) Eo u(q,) (4.46) 
g 
Ji 
and 
2 2 
Hi (E ta,)/29, q, € 
P(q,/H}) PL e T 57) u(qy) (4.49) 
e sa 
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where e = AT/2 and 
0j > 0 iz mum 
Thus, from Eqs. 4.19, 4.46, and 4.47, we obtain 


2 2 
ND 


Bo 
= s) 5 EDIT 
Y G 
1 
PT 
po NM (4/20) qe 
> <> t +) u(q,) dq, SEGR 


i UE 


Observe however that a threshold of y must now be defined. 


Clearly, a threshold that minimizes Pa should be chosen. This 


can be done by solving dp_/dY = 0. 
Thus 
EE ye /20* (ca (20 
JE n a i y 
E | Y LS YE 
ay 5 | 2 e uy) 2 È d paco 
1 i E 
id -y°/207 -e*/20% —À 
zs 2 e u(y) |-1 +e LAS) EL 
1 a 
ee that solution of dP,/dY = OP Views ansemplicit solution for 


Y, namely, 
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it. (3) = e (4.80) 


Suppose now that L is the solution of Eq. 4.80 for a Given 


value of e and a 


1: Then 
2 2 
A 
"e "Wi ei 
72] 2° Sean 
N 1 
y 2 2 
il o q =e ta,)/20, TEN 
+5 İ © 1 (+ Joe da, (4.61) 
Sm 


Letting y = 97/97 7 Eg. 4.81 becomes 





gees? 
X 2 (E) +y”) 
1e e la > 2 9 e 
Pp = Że e ee i ye I_ (y(—)) dy 
Yo a J 
SV. 2 
zum 
. LJ E ee 
= 3 - > © 5 Q (e/o n/T oe. 82) 
Observe that 
2 2 2 
E = HAL) O ae 
2 = 2N T/4- oy © SNR 43 
204 O O 


so that defining 
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we have 





seichat the threshold setting equation (Eq. 4.80) becomes 


SNR 


I (2SNR)) = e (4.86) 


o'YTE 


mae Eq. 4.82 simplifies to 


l 12 I Ze === > 
exp E Yıpyy (2SNR) } > > (Y2SNR,Y m; (Y2SNR) ) (4.87) 


tU 
I 
lt 


The receiver performance indicated by Eq. 4.87 is compared to 
that of an incoherent BFSK receiver that utilizes both channels 
mor its decisions. (See. Eq. 4.10.) The result of this 
comparison 1S presented in Chapter V. 
D. Gere Ri NCESLN THE PRESENCE OF COLORED NOISE 

UNDER SINGLE CHANNEL OPERATION 

In thıs section, we analyze the performance of the quadra- 
ture receiver under the assumption of single channel operation, 
as described in the previous section. Here however, it is 
additionally assumed that a jamming signal is present, whose 


energy 1S concentrated around the frequency Woe (Observe that 
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the channel whose output is Io has a passband around a 
a jammer concentrating its energy around w_ 
affect the output do: Consequently, turning off or ignora 
do would make sense under these circumstances. 


single channel operation being considered here.) 


Our decision rule continues to be 


=] 
> 
di Y 
H 
O 
and 
E UE LE s ee PE, < y/H, ) 
e 2 ES 2 o eel 


Observe that due to the presence of a Jammer 


„2 B g* A 2 
İş ai 
where 
2 TT 
n = " K (t-T) Sin wt Sin w dt eu 
As shown in Appendix C, 
P Tó Sinto. ws) we 
= "es ( E el ) 
oyy: 4 Cee 
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(4. 


Thus 


would significantly 


.74) 


NU 


28) 


- 200p 


« 


when the jammer is concentrated at frequency a. With 





BENED ,Eq."C.12 becomes 
j O 
2 = . 
2 Pit Sin(u 701)T/2 2 
DZ j | (@ =, )T72 (gt) 


so that the probability of error is 


Be D? 
E 2'29*] o E 2 o 


o +07 = 
1 gis 
->0 Ve === (4.89) 
O u. o +02 





Ww 
Observe that 
A^T/2N 
ES o O 
Eo o PT 2 Samu Sw T/2 12 
XX c,l l,l c wi cn | 
2 2 An No (ww D 


E 2SNR | 
B Sin(w 7 Wy T22 (4.90) 
1 + JSR-SNR > 
| (w_-w. ) T/2 | 
© Lr 
Defining 
jo i | 
SSQ = ——————À——— (291) 
(W_ w)T/2 
we have 


val 


BoJ 


| we 2SNR 
aaa e» | "ml 1+JSR: SNR- SSO ) 


o ee a (4.92) 
2 9 V I3gSR-SNR-SSO ' TH TAG SNR- SSO 


Observe that with JSR = 0, Eq. 4.92 becomes identical to Eq. 
4.87, as must be the case. 

Furthermore if the frequency separation (ww) is such 
that (ac 704) T/2 > 2 SS (ww) 7/2 = mr, where m is an integer 
then, SSQ becomes very small or ere so that the effece 
of the presence of the jamming is negligible. The numerical 
results obtained from Eq. 4.92 are very similar to those 
obtained from Eq. 4.87 as demonstrated in greater detail in 
Chapter V. 


Recall that the threshold is obtained from the solut MN 


Eq. 4296,0namesv 


SNR 


Il 
(D 


 (2SNR) ) (4.86) 
However if our goal is to set a threshold that minimizes Po! 

for the case being considered here, we can solve for an opti- 
mum threshold setting by minimizing Eq. 4.92 with respec 
App‘ If this procedure is carried out, we obtain the &hreç 


setting equation 


Ir [y =| = o O TE 
ol THII A mi E SS 


T2 


while this result is intuitively appealing, a practical 
problem arises in that in most cases, the receiver does not 
know the operating JSR value, hence a threshold could not be 
Set. 

Fortunately, computer evaluatıons carried out using both 
Be SG and Eq. 4.93 to set™the threshold have demonstrated 
that the Po resulting with SES ho 1d set by Egs. 4.86 and 


4.93 are almost (and for all practical purposes) identical. 


To 


V. GRAPHICAL RESULMS 

A. GRAPHICAL RESULTS FOR COLOREDINGICE Pier F ERENCESTI 

COHERENT M-ARY FREQUENCY SHIFT KEYED MODULATED -REG 

In Chapter III, the performance of the MFSK receiver in 
the presence of white and colored noise was derived. This 
mathematical result is used now to evaluate and graphically 
display receiver performance under the presence of white 
noise only and under the presence of-white and colored noise 
interference. 

Results are presented sequentially for values of M = 2, 4, 
8, and 16 on the performance of the M-ary FSK receiver for 
white noise as the only source of interference as well as for 
various conditions of colored noise powers ‘in addition to the 
normally present WGN interference. The performance results 
for the M-ary FSK recelver presented in this section in terms 
of the probability of error are shown as the SNR changes for 
specified values of JSR. Some representative results are 
summarized in Tables 5.1, 5.2, 5.3 and 5.4. Figures 5. bem mi 
5.4 include the performance of the M-ary FSK receiver when the 
transmitted signal is interfered by white noise only, namely, 
JSR = 0. This makes it possible to evaluate the effect of the 
jamming on the receiver in comparison to the case in which 
WGN is the only source of interference. These results have 


been obtained by evaluating Eg. 3.47: 
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TABELE 9.1 


PE ORMANCE OR 2 ESK RECEIVER 


Po 
The Receiver SNR Im 


Patio fo a are 
Oro 00's 
RZ 
022899 


C257 6s 


0.4295 





75 





TABEE™5 2 


PERFORMANCE ONA SELVER 


Receiver 
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TABLE 3.2 


PERMORMANCE OP 8-FSR RECEIVER 


E 
= 
Mir RECEİVER SNR (DB) 


-s.o |oo [s.o fioo 


0.0048 
D US 
0.4471 
0.6540 


0.7641 
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TABLE 5.4 


PERFORMANCE OF 16=ESKI RECERVER 


E 
e 
RECEIVER SNR (DB) 
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MFSK (M=2) 
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Esc benrtormauce of M-ary FSK for M = 2 


MFSK (M=4) 


ad 


10° 


10° 
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SNR DB 
Figure 5.2. Performance of M-ary FSK For M = 4 
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MFSK (M=8) 





Figure 5.3. Performance of Me ie oç tok pj = 8 


MFSK (M=16) 





Figure 5.4. Performance of M-ary FSK for M = 16 
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B. GRAPHICAL RESULTS FOR NON-COHERENT BINARY FREQUENCY 

SATINADO SIGNAL DETECTION INsTHEsPRESENCE OF 

GOLORED NOISE 

In Chapter IV, the performance of the quadrature receiver 
Operating in the presence of white and colored noise was 
derived. The mathematical results are now used to evaluate 
and graphically display receiver performance under various 
conditions of signal and e rl 

First, results are presented for the case in which white 
noise is the only source of interference. This yields the 
well-known probability of error curves for the standard quadra- 
ture receiver for non-coherent BFSK. These are presented in 
ics 5.5, along with a corresponding plot of the probability of 
error of the quadrtature receiver in which only one channel 
output is used to make binary decisions. 

Additionally, the performance of the quadrature receiver 
Operating in the presence of white and colored noise is evalu- 
ated under dual channel and single channel operation. Under 
Single channel operation, it is assumed that the colored noise 
jamming concentrates its energy around one of the FSK operating 
frequencies, and that the receiver is able to make a determinis- 
ti às to which “channel is being jammed” se that the outputs 
of this channel are ignored in the process of making decisions. 
Evaluations are carried out uSing receiver thresholds that are 
dependent as well as independent of jamming power levels. 


(Both cases are considered separately.) The performance of 


the quadrature receiver in the presence of noise and the jamming 
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QUADRATURE RECEIVER JSR=0 





© DE 
-10.0 0.0 10.0 20.0 30.0 40.0 
SNR DB 
Figure 5.5. Performance of the Quadrature receiver tor oSk = Mi 
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waveform described in this section in terms of the probability 
of error is calculated as the SNR changes for specified values 
of JSR. Some important results are summarized in Table 5.5 
for JSR = 0 and in Tables 5.6-5.10 as JSR takes on values 

aş, 520796,210.0 db, 15.0 and 20.0 db, respectively. 

In Figure 5.5 the performance of the standard quadrature receiver 
and the single channel "re of the quadrature receiver is 
plotted when the transmitted signal is interfered by white 
noise only. The theoretical performance of the standard 
quadrature receiver is calculated from Equation 4.10, and the 
performance of the er receiver under single channel 
operation is calculated from Equation 4.87. 

En Pisures 5.6-5.10, the performance of the standard 
quadrature receiver and the quadrature receiver under single 
channel operation with the threshold dependent as well as 
independent of the jamming power level is plotted when the 
transmitted signal is interfered by whıte noise and by the 
jamming waveform having Power Spectral Desnity given by Equation 
C.7. Each of the figures corresponds to a specific value of 
JSR as shown in the headings. The performance of the standard 
quadrature receiver is calculated from Equation 4.73. The 
theoretical results for the single channel operation of the 
quadrature receiver with a threshold that is independent of the 
jamming power (Eq. 4.86) is calculated from Equation 4.82, and 
Beamon 4.92 is Used to compute performance of the same re- 


ceiver when the threshold is dependent on the jamming power 
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TABLE 5.9 


PERFORMANCE OF THE QUADRATURE RECEIVER JSR = 0 


P 
e 
THE TRECETVER SNR (DB) 


-10.0 s.o 10.0 [15.0 


0.4756 0.3032 |0.1028/ 0.0033 | 0. 00000000 


Standard 
Operation 


Single 
Channel 
Operation 


0.4820 





0.353110.1806) 0.0268 1 0. TUHOE 


TABLE 546 


PERFORMANCE OF THE QUADRATURE RECEIVER JSR = 0 DB 


P 
e 
THE RECEIVER SNR (DB) 
| -10.0 |-5.0 Jo.o [5.0 |10.0 [15.9 

Standard 
Operation O 4/61 0.4361 | 0.258217 0.2709 0.2172) 0.1 
Single 
Channel 
Operation 99915,7719 0.4460 1.0.3531 0.1804.0.0255 | 0.002077 


PABLE 5.7 


PERFORMANCE OF THE QUADRATURE RECEIVER JSR = 5 DB 


E 
e 


fae RECEIVER SNR (DB) 


10.0 |-5.0 [0.0 [s.o |io.o [iso 





Standard 

Operation ngu Oo SO es oa) 18 
Single 

Channel 

Operation 079 2605 502 35322027806; 0.0268 


TABLE TITS 


PERCOR ANCETOR THE OUADRATURE RECEIVERMIGR = lO DB 












P 
e 
mac RECEIVER SNR (DB) 


[-10.0 |-5.0 [0.0 İso [10.0 |15.0 | 
Cees Ceres soe. 4533 | 0.4527 
DR 1200818 06| 0.0268 | 0.00009 


8, 














Standard 
Operation 







Single 
Channel 
Operation 


TAR BEM) 


PERFORMANCE OF THE QUADRATURE RECETVER DER ar 

















E 
6 
THE "RECE IMER SNR (DB) 


[-10.0 | -s.0 [oo |s.o [10.0 [15.0 | 
0.4904 0.4869 | 0.4853|0.4847| 0.4845 
0.4820 0.4460 | 0, 352371,.0,78061.0207258 


TABLE 25210 














Standard 
Operation 






Single 
Channel 
Operation 


PERFORMANCE OF THE QUADRATURE MREGHIVES Wok — Zen hie 








E 
e 
THE RECEP Va SNR (DB) 


[210.0 | -s.0 [oo Is 
0.4958 0.495370,.495 195927950 w 24 750 
0.4820 0.4460 | 0425531 Po gos voos 
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Standard 
Operation 







Single 
Channel 


Operation 0.000 





QUADRATURE RECEIVER JSR=0 DB 





10.0 0.0 10.0 20.0 30.0 40.0 
SNR DB 
Figure 5.6. Performance of the quadrature—recelver- for 
JSR = 0 db 
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Figure 5.7. Performance of the quadrature receiver for JSR = 5 db 


ac U 
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QUADRATURE RECEIVER JSR=10 DB 





Figure 5.8. Performance of the quadrature receiver for JSR = 10 db 
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QUADRATURE RECEIVER JSR=15 DB 
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SNR DB 
Figure 5.9. Performance of the quadrature receiver for JSR = 15 di 
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QUADRATURE RECEIVER JSR=20 DB 
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10° 


10° 
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Figure 5.10. Performance of tie quadrature receiver for JSR = 20 db 
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level. As pointed out in Section D of Chapter IV, the proba- 
bility of error calculated from Equation 4.92 with the thres- 
hold set by Equations 4.86 and 4.93 show almost identical 
results. 

Tables 5.5 through 5.10 demonstrate that the performance 
of the quadrature receiver under single channel operation is 
unaffected by changing values of JSR. This is due to the fact 
that for Wor Wy] and T values used in the simulation, the value 
of SSQ term in Eq. 4.92 15 identical torzero. nus in Sa 
to demonstrate the effect of the Jammer on the receiver under 
single channel operation, the value of the jamming MM 
wj has been allowed to vary from Wo all the way up to Wy: 
Thus, in place of the SSO term as defined in Eq. 4.92, we use 
the modified term 


SD zug 


Fi Eo | dO EE v 


The results of these modifications are presented in Fig. 5.11 
and Fig. 5.12 where the probability of error of the receiver 
given by Eq. 4.93 is evaluated tor JSR = 5 db and JSR = 10 db, 
respectively, where the jamming frequency mL is allowed to 
take on values wj ERU (which corresponds to the results given 
by Eqs. 4.91 and 4.92 without modification), and values of 

Wa = 3 (w) 
obtained are summarized in Tables 5.11 and 5.12 for JSR = 5m5 


+w_ )/4 and wj = 01. Some of the important results 


and JSR = 10 db respectively. 
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— o O ee 


BFSK (JSR=5 DB) 
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Figure 5.11. Performance of tne quadrature receiver single channel 


Operation for different jamming frequencies and 
JS = 5 db 
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Figure 5.12. Performance of the quadrature receiver single channel 


operation for different jamming frequencies and 
JSR = eel 
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TABLETS; LI 


PEREORMANCE OF THE QUADRATURE RECENVEM SINGLE CHANNEL OPERATION 
FOL EEE NN ZMMINGTERBEOUENETES AND JSR = 5 DB 





E DE In 2 


PERFORMANCE OF THE QUADRATURE RECEIVER SINCLE CHANNEL OPERATIC! 
FOR DEL RRRENT JAMMING FREQUENGIES AND JSR = 10«DB 


naam [x a TR a 
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VI. SMCONCLUSESHS 


The analysis carried out in this thesis presents the 
application of concepts derived in statistical comunicaram 
theory, specifically in the theory of signal detection under 
the assumption of colored does interference. The performance 
of digital receivers in terms of probability of error is 
determined when the receivers operate in the presence of white 
and colored Gaussian noise. Three techniques are examined 
Separately, one for MPSK modulation, another for coherent 
MFSK modulation and the last one for (incoherent) BFSK 
modulation. 

The mathematical model of the jamming waveform proposed, 
consists of colored GaussTan le Mİ em era laa 
and power content. 

For MPSK modulation, a mathematical result on the performance 
of the (coherent) receiver in the presence of WGN and colored 
noise jamming was derived. The complexity of the result along 
with the many possible trade-offs involving spectral shapes, 
power levels and frequencies of operation made it impossible 
to address in this thesis the issue of optimum jamming strate- 
gies for MPSK. 

For MFSK modulation results on the effect of the coherent 
receiver, were derived. A simple assumption was made on the 


spectrum of the jamming. By assuming that each signal frequency 
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was interfered with a tone subject to a total jamming power 
constraint, the receiver Po Was evaluated for different values 
of SNR, JSR, and M. The results demonstrate that this 

form of jamming can be quite effective or that significant 
increases on Po can be achieved even at low JSR values. 

For the case of BFSK modulation, the quadrature receiver 
was analyzed under two conditions of operation, standard 
operation and single channel operation, in the presence of 
colored noise jamming with different power levels. The single 
channel operation was introduced as a method for mitigating the 
effect of a single tone jammer at one of the carrier frequen- 
cies. When no jamming is present, single channel operation 
performs slightly worse than standard receiver (both channels) 
operation. However, in the presence of jamming, single channel 
operation is superior to standard operation because the receiver 
is capable of eliminating much of the Jammer energy and its 
effect by -ignoring the output of the jammed channel during 
Single channel operation. As pointed out in Chapter IV, the 
effect of the jamming waveform on the receiver under single 
channel operation depends strongly on the jamming frequency 
chosen. For the single channel operation, it was assumed that 
the jamming is present at one of the two signal frequencies, and 
that the receiver turns off the channel affected. Thus, deci- 
sions are made based only on the output of the unaffected 
EMI However, if under this condition of operation the 


jamming changes its frequency wj even i way as to move 
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closer" to the frequency of the unaffected channel, it has 
been demonstrated that the receiver probability of error in- 
creases as Wi approaches the frequency of the unaffected 


channel. 
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APPENDIX A 


DETAILED INVESTIGATION OF THE VARIANCES OF Vc AND Ve 
CONDITIONED ON HYPOTHESES Hj 


Let 
y, (E) - DEM m y — 1,2 
Wo = Al) 
0 otherwise 
and 
polo) = Fit} 121,2 (A.2) 
us 
2 PA T, T 
m - SI K. (t-1) y, (€) v, (1) dt dí 
= f [f ds te" ay (01, (mar dr 
er, = C As A 
ü T T 
E x / S. (T) Y (u) Y (wdw Be: 
where K_(T) — SW) 
Now 


TOL 


2m 
T ike “yz? ny m2 salz T I 
(w -——) T/2 
T 
— -j (w+2Tn/T)T/2 Sin (u +4) T/2 
+ RT e) CE TERES (A.4) 
(0 *— 1/2 
and 
T m 
p3 (w) Tan Tea) (A. 5) 
T Bl 
Because of the relationship between by tw) and Yo (w), it E 
clear that 
a T T 
Y (w) y] (0) = Yo (=w) Y, (w) (An Gy 
so that 
2 a 2 A 2 
"o1 7 eo e E 
Thus indeed, a = c. Observe also by similiar arguments, that 
2 we T T P pi T jwT/4n T 
91,2 © O J S (w) p] (=w) W (w) dw = e J 5 (u) v, (-u) e^ a by tw) di 
dl 5 ve wT 
=) S (w) [y] (w) | Cos q du (A.8) 


120,2 


where 


— sin nr) 72 Sin &+nn) 2 
iua €) | 2 wT m wT 
C -n7) Cn» 


Sin (na) Sin(2+n7) 


+ — or TEE: "Doro 
(5 -nr) tn) 


2 | 
So it is clear that in general, © will not be zero. 


172 
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APPENDIX B 


DETAILED INVESTIGATION OF THE BEHAVIOR OF THE PRODUCTS OF 
pes i 
Saf w) AND Sp (w) 


We have defined 


Fist(t)p(t)} = IL (uu, =.) + L(wtw,+w,)] (B.1) 
Then 
Fiss (t) p(t) } x F{Sp(t) p(t) } = S 4 (-w) Sy (w) 
= EIL (Cut, 7.) + L(-utw +0.) EPIL (ww mu) + Ltutu trug) | 
AT = 
= (ZI [L(w-w_ -04)Liu-o--u) t E O 


) ] 


+ DA mE MEE T Li Zu zn. OA 


(Bez 


Observe that for reasonably large values of Wo the first and 
the last term in this expression vanish, and we are left with 


the products 
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MM O caça 
(uu cw.) T/2 (rw, =) T/2 


ii +w. i E D 

Lea o ET s 
e 7 C ^k 

few cocusing On the first term of Eq. B.3, which has significant 
components for winthe neighborhood of War We see that Tf 
j-k >> 1 then there is essentially no overlap between sine 
functions. Therefore the product SER is zero for 
ES 


For k = j +1, we have 
Sin (ww uw.) T/2 sin (www, )T/2 


Jl AE 
> Cos (w, wa) T/2 = A Zu Zu 772 (B.4) 
and when w is in the neighborhood of Wes the product becomes 


approximately 


2 M, cu) T7 E Cos (ux -u. )T/2 - Cos (wtu) T/2 
2 si w 1/2 


EA Mİ M+1 


J (k-3) AwT/2 E iii S — 
(k "I T/2 (3 -—5 1 T/2 


10:5 


The orthogonality condition on the signals required that 


Tt or AuT/2 = 1/2, so that Eq. B.5 becomes (approximately) 


AuT = 


„*jn/2 er -~ Cos (25 "d ] 
(T/2)* Mri 2+ pl 





(ode ea 
n =) | Cos jm Cos ogi ii son (B.6) 
(1/2) * | GD to 


Eq. B.6 is zero for all values of the integer j, so we have 


that, for AwT = m, the produce S3 (70) Sy (u) is equal to zero for 


J # k. 
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APPENDIX C 


DETAILED INVESTIGATION OF THE VARIANCES 


0° AND 0° DUE MEN COLORED NOISE 


CHO c 


Let us define 


Then Eq. 4.69 becomes 


2 E oo 
A E E Jj K_ o ee a dt 
X [eo 
y AH K (t-0) P, (E) P., (dt dt 
i 3 EE Jw (t-T) 
= 57 J Su) dl = P_ (OP (dt dt du 
TR een) 
+5 J S (w) pn e Er dedir 
E. 2 
- mj Sol) Pr tu) |O + [Po tu) |É Tau e 2) 
where 


Ow 


T 1 3 (w. =) 1/2 Sinto = 2 
= E m T ii 
Paj (W) = , Cos w,te dt = ze uai 
-j (w; +w) T/2 Sin (w; +w) T/2 | 
+5€ (o, Ho) 1/2 l1 = 0,1 (c 
and 7 
So tw) = K_(T) 
Furthermore 
> m 2 È 22 E ) . 22 daa y 
ey 2 | (Www) T 2 2 (w; +w) T/2 


Sin (w; ~w) T/2 Sin (w; +w) T/2 


202 
+ (5) CDE C — (0.4) T/2 de 
l MG 
The third term in Eq. C.4 can be assumed for all@practieam 
purposes to be zero. In essence, we require that i Pa 2171 
i = 0,1 for the approximation to Dex or -2 
Consider now the case where 
S (0) = K[S(w-w.) + $ (w+w,)] Ço 


Since 
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K K 
= Em [8 (w-w.) + S(utwldo = = (C.6) 
then K = TP. SO that we use 
e ap İlö(w-w.) + 6 (wrwe) | CC. 7) 
C e J 
From Eq. C.2, we now have 
2 2 NH C 2 _ ‚2 
E o m = a e YA r (ES 24) | 
2 2 
+ 2.3 (65) | + E 94) | (ee) 
A ssuming that w a e the vicinity oi u and 
Wy We can State that 
|P COL = e aa y ve 
COF J 2 (w w. ) T/2 E 
oO) 
Go | 2 (MZ i 
o J 
San (mw -w.)17/2X 2 
2 O ae | _ ae 
Pawl = p | a A | e ho 
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Thus 





2,2 | e foi? preme. n 
GG er 2 2 C 2 CR 
p T SI BE Sin(w,-w,)T/2 \2 
= | D n J ) O 
4 (w -w.) T/2- (w.-w.) T/2 
ou | s] 


In order to maximize the quantity in brackets as a function 
E we need to take derivatives of the expression and set it 
equal to zero. The result of this operation leads to a 


maximum at values of w = Or w. = 


: Q4. Therefore, the 
O J It 


maximum value becomes 





El Sin(w,-w_)T/2 2 
2 2 GEE | 4 | | 
(so ot02,1) max 4 | (94 70.) T/2 +1 oL 


To 


KU. 
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